NON-ARCHIMEDEAN AMOEBAS 
AND TROPICAL VARIETIES 



MANFRED EINSIEDLER, MIKHAIL KAPRANOV, AND DOUGLAS LIND 

Abstract. We study the non-archimedean counterpart to the complex 
amoeba of an algebraic variety, and show that it coincides with a polyhe- 
dral set defined by Bieri and Groves using valuations. For hypersurfaces 
this set is also the tropical variety of the defining polynomial. Using 
non-archimedean analysis and a recent result of Conrad we prove that 
the amoeba of an irreducible variety is connected. We introduce the 
notion of an adelic amoeba for varieties over global fields, and establish 
a form of the local-global principle for them. This principle is used to 
explain the calculation of the nonexpansive set for a related dynamical 
system. 



1. Amoebas 

1.1. Generalities. Let k be a field. Recall (6i VL6.1] that a norm (or 
absolute value) on k is a function a i— > |a| from k to M^o such that 

(1.1.1) \a\ = if and only if a = 0, 

(1.1.2) la6| = |a||6|, 

(1.1.3) |a-F6[ ^ \a\ + \b\. 

In this paper, unless otherwise specified, we will assume that k is equipped 
with a nontrivial norm | • | and is complete with respect to it. If L/k is 
an extension of degree n, then the norm on k extends to L by the formula 
\a\ = \Ni^/k{o,)\^^" ■ By k we denote a fixed algebraic closure of k. Thus a 
norm on k extends to k and we have the map 

(1.1.4) Log: (k'')^^M^ (ai,...,arf) ^ (log|ai|,...,log|ad|). 

Note that the image of Log in ()1.1.4() is dense in unless the norm is trivial 
(i.e., unless |o| = 1 for any a 7^ 0). 
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We denote by Gm = -'^k \ {0} the multiplicative group (punctured affine 
line) over k, i.e., Gm = Speck[x, The algebraic group G^ will be 

referred to as the d-dimensional algebraic torus over k. 

Let X C Gm be a subscheme, i.e., X = Spec(k[xf^, . . . ,x^^]/I) where / 

is an ideal. Then X(k), the set of k-points of X, is a subset in (k^)*^. 

Definition 1.1.1. The amoeba of X, denoted A{X), is the closure of 
Log(X(k)) in M"'. 

Example 1.1.2. Let k = C with its usual absolute value. Then k = k 
and A{X) coincides with Log(X(C)) since X{C) C (C^)'^ is closed and Log 
is a continuous proper map. The case when X is a hypersurface in (C^)'^ 
was first considered in jl2j . More general complex amoebas were studied in 

[IZIIIHI. 

1.2. Non-archimedean norms. A norm | • | is called non-archimedean if 
it satisfies 

dlXSI) |a + 6| ^ max{|a|,|6|}. 

As is well known, non-archimedean norms on k are in bijection with valua- 
tions, i.e., maps v. k — > M U {oo} satisfying 

(1.2.1) v{a) = CO if and only if a = 0, 

(1.2.2) v{ab) =v{a)+v{b), 

(1.2.3) v{a + 6) ^ mm{v{a),v{b)}. 

Explicitly, v{a) = — log \a\. We will use the same letter to denote the exten- 
sion of V to k. 

The connection to valuations is the reason why it will be more natural 
for us to work with the map val: (k f defined by 

val(ai,...,ad) = {v{ai), . . . ,v{ad)) = - Log(ai, . . . , a^). 

Definition 1.2.1. The tropical variety 7{X) of X is the closure of val(X(k)) 
in M"*. 

Clearly the amoeba and the tropical variety satisfy 7{X) = —A{X). 

Examples 1.2.2. (a) The field k = Qp of p-adic numbers has the p-adic 
valuation Vp and the p-adic norm \a\p = p~'"p("'\ with respect to which it 
is complete. We sometimes write Qoo for M. Every variety defined over 
the rationals therefore has a p-adic amoeba for each p ^ oo, where p = oo 
corresponds to the complex amoeba. 

(b) Let K be any field. The field k = IC((t)) of formal Laurent series 
g{t) = J2'jLm9j^'^^ where gj G K and m € Z, has a discrete valuation ord, 
given by ord{g{t)) = mm{j : gj ^ 0} Z C M. If K is algebraically closed 
and char(IEC) = 0, then the field of Puiseux series 



NON-ARCHIMEDEAN AMOEBAS AND TROPICAL VARIETIES 



3 



is algebraically closed (Sj and thus coincides with k. It has a Q-valued 
valuation ord defined similarly to the above. 

Note that the assumption char(]K) = is necessary. If char(]K) = p, then 
the equation — x = has no roots in any M.{(t^^'^)). 

(c) Let IK be an algebraically closed field of any characteristic. A transfi- 
nite Puiseux series over IK is a formal sum g{t) = X^^gQ, where € IK 
are such that Supp((7) = {q '■ gg ^ 0} is well-ordered (i.e. every subset of 
it has a minimal element). Such series form a field IK((t^)) that is always 
algebraically closed [T^. For example, the equation — x = in (b) has 
the root 

x{t) = t-^ + t-^^p + r^/p^ + .... 

One defines a valuation on IK((t''3)) by v{g) = min{Supp((7)}. 

1.3. Conventions. We let F = u(lk^) C M denote the valuation group of v. 
It is a dense divisible subgroup of M by our assumption that v is nontrivial. 
By a convex polyhedron in we mean a subset A given by a finite system 
of affine-linear inequalities 

d 

'^bijUj ^ Ci, i = l,...,r. 

i=i 

We say that A is T-rational if the inequalities above can be chosen such 
that bij G Z and Cj € F. In this case A fi F"^ is dense in A. Note that we do 
not require A to have full dimension. By a (T-rational) polyhedral set P we 
mean a finite union of (F-rational) convex polyhedra. We say that P is of 
pure dimension r if all the maximal polyhedra in P have dimension r. 

2. Main results and examples 
2.1. Amoebas and tropical varieties of polynomials. Let 

/(x) = ^ flnx", n = (ni, . . . ,nrf), x" = x"^ . . x)^'* 

be a Laurent polynomial with coefficients On € k, and let X = Xj C be 
the hypersurface {/ = 0}. We denote 7{Xf) by T(/). For u € M*^ define 

(2.1.1) r{u) = min{?;(an) + u • n}. 

Then is a convex piecewise-linear function on known as the tropical- 
ization of / (see jSHj and [25 for background). Note that for almost all n 
we have = 0, so v{an) = +oo. Therefore is the minimum of finitely 
many affine-linear functions. 

Theorem 2.1.1. If f ^ then T(/) is equal to the non- differentiability 
locus of . In particular, 7{f) is either empty (when f is a monomial), or 
is a rational polyhedral set of pure dimension d — 1, or is all of (when 
f = 0). 
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This can be reformulated as follows. Denote the convex hull of a set 
E eR'^hy Conv(E). Then 

= Conv{n : On / 0} C E"' 

is the Newton polytope of /. Let 

>J-(/) = Conv{(n,n) G x M : u ^ v{an)} C M'^+^ 

be the extended Newton polyhedron of /. Then 3Nf(/) projects to 3Nf(/) by for- 
getting the last coordinate. The following is then an equivalent formulation 
of Theorem 12. 1.11 

Corollary 2.1.2. (a) The connected components o/M'^\T(/) are in bijec- 
tion with vertices of N(/). 

(b) //(n, f(an)) is a vertex o/N(/), then the corresponding component 
Cn C M'^ \ T(/) consists o/ u G M'^ such that 

min {v{am) + u • m} = f (on) + u • n 

and the minimum on the left side is achieved for exactly one m, namely 
m = n. 

(c) The unbounded connected components o/R'^\T(/) correspond to those 
vertices (n, f(an)) o/!N(/) that project to a vertex n o/!N(/). 

Note that Cn is a convex polyhedral domain. 

Example 2.1.3. The case d = 1 of Theorem 12.1.11 or, equivalently, Corol- 
lary is weh known (see jH Thm. 6.4.7] or Exer. VI.4.11]). If 

/(^) = Ylj=r^j^'^ ^ then the Corollary says that the values v{zq) for roots 
zo E of f{x) are precisely the negatives of the slopes of the non-vertical 
edges of the Newton polygon 3Nf(/). 

Proof of Theorem \2.1.1\ Let T = T(/) and let S be the non-differentiability 
locus of f^. Clearly 8 is a F-rational polyhedral set. 

Lemma 2.1.4. Tc 8. 

Proof. Since 8 is closed, it is enough to show that val(X(Ik)) C 8. Let u = 
(ui, . . . , Ud) G val(X(Ik)), i.e. ui = v{zi) where f{zi, . . . ^z^) = 0. Note that 
^(anz") = t'(an) + u • n. Recall that for non-archimedean absolute values, 
if oi, . . . , Or G with ai + ■ ■ ■ + ar = then there are at least two aj with 
maximal \aj\. Since /(z) = ^ flnz" = 0, it follows that there are at least two 
terms in the sum whose valuations are both equal to minjf (cnz")}. This 
exactly means that is non-differentiable at u: two affine-linear functionals 
from the set to be minimized achieve the same minimal value at u. □ 

Since 8 is L-rational polyhedral, 8nr'^ is dense in 8. To prove that 8 C T 
it is therefore enough to prove that 8nr'^ C T. Let u G 8nr'^. By changing 
the variables 

(2.1.2) Zi^Zi-a-i, ajGk^, v{ai) = Ui, 
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we reduce to the following. 

Lemma 2.1.5. //O G S, then G T. 

Proof. We will find a root of / of the form 

zf = {tof\ ^oeS^ v{to) = o 

for an appropriate choice of b = . . . , 6^) G Z'^. Indeed, let 
Mt) = fit"^ , . . . , ^) = ant*' " G k[t, t-']. 

n 

The fact that G S means that 3Nf(/) has a face of positive dimension which 
is horizontal and whose height u is minimal. Let F be the maximal face 
with this property. Assume that b G is generic in the following sense: for 
each edge [(m, u), (n, u)] of F we have b • (m — n) 7^ 0. Then the extended 
Newton polygon 3sf(/b) C M? has a horizontal edge of minimal height u. By 
the classical result in ExamDle l2.1.31 /b has a root to with f (tg) = 0. □ 

This completes the proof of Theorem 12.1.11 □ 

We now extend the correspondence between components of M*^ \ T(/) 
and Laurent series expansions of 1/f to the non-archimedean case. This is 
similar to the known case k = C described in 1121 Ch. 6, Cor. 1.6]. 

Let (n, f(an)) be a vertex of ?^(/). We then write 

/(x) = G„x"(l + <7(x)), g(x) = ^ ^ 

^ an 

and form the Laurent expansion 

(2.1.3) i2n(x) = T7-T = «„'x-" ^(-l)"5(x)" 

by using geometric series. 

Proposition 2.1.6. (a) i?n(x) is a well-defined Laurent series. 
(b) The domain of convergence of Ra{x) is vaP^(Cn). 

Proof. Assume without loss of generality that G Cn, for otherwise we can 
make the same change of variables as ()2. 1.2(1 . Assume that u G Cn. Then 
Corollarv 12 . 1 . 2f bl implies that v{bm) + u • m > for all coefficients bm of g. 
For u = this shows together with completeness of k that the sum (possibly 
infinite) defining the coefficients in -Rn(x) (as a Laurent series) at each x™, 
m G Z'^, converges as claimed in (a). 

Suppose z satisfies val(z) = u G Cn- Then v{bm'^"^) > for all coefficients 
bui of g. Therefore, i?n(z), considered as a series of Laurent polynomials but 
also as a Laurent series, converges. In other words the domain of convergence 
of -Rn(z) contains val~^(Cn). Note that the domain of convergence of the 
Laurent series i?n(x) is var^(D) for some convex D CM.'^. Furthermore, D 
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cannot contain any element of the boundary of Cn since iin(z) = l//(z) for 
any z where -Rn(z) converges. It follows that D = Cn- □ 

2.2. Amoebas and Bieri-Groves sets. Let A be a commutative ring with 
unit 1. Recall from [2l VI. 3.1, Def. 1] that a (ring) valuation w on A \s a, 
map w: ^ ^ R U {oo} such that for all a, 5 € ^ we have that 

(2.2.1) w{ah) =w{a) +w{h), 

(2.2.2) w{a + h)^ mm{w{a),w{h)], 

(2.2.3) u;(0) = oo and 'u;(l) = 0. 

There may be nonzero elements a in A for which w{a) = oo. However, 
w~^{oo) is easily seen to be a prime ideal of A. Thus if ^ is a field, then w 
is a valuation in the usual sense of Section fl. 21 

Let k, I • I, f , and X C GJ^ be as before. Let A = k[X] be the coordinate 
ring of X, generated by the coordinate functions x^^, . . . , . Define 'W(A) 
to be the set of all ring valuations on A extending v on k. Let G = Gal(k/k). 
Then there is an embedding X{k)/G 'W(yl) given by z i-^ u;z, where 
Wzif) = v(/(z)). However, W{A) is usually much bigger than X(k)/G. 

Example 2.2.1. Let d = 1 and X = Gjii, so j4 — k[x, X ]. Assume that 
r = vik"") / M. Fix uo G M \ r. For f{x) = Y,'j=r ajx^ G A define 

w{f) = mm{v{aj) + j uq}, 

which is a ring valuation on A (see Lemma 1 of 6, VI. 10.1]). But w does not 
have the form Wz for any z G k^ since uq ^ T. Indeed, an easy additional 
argument shows that even with no assumption on F this w cannot have the 
form Wz- 

Define the map /?: W{A) M.'^ by 

(3{w) = {w{xi),...,w{xd)) GM'^. 
Definition 2.2.2. The Bieri-Groves set of X is defined as 

Sg(A) = p{W{A)) C M^. 

Theorem 2.2.3 (Bieri-Groves [2]). Let X C be an irreducible variety of 
dimension r. Then 'Bg(A) is a T-rational polyhedral set of pure dimension 
r. 

Remark 2.2.4. Every variety A is a finite union A = Ai U . . . A^ of ir- 
reducible varieties Aj. It is elementary to show that 233 (A) = 'BS(Ai) U 
••• U Sg(A^) (see H §2.2]), so that 'Bg(A) is a closed set in W^. Hence 
T(A) C Sg(A) by using the valuations w^^ G W(k[A]) with z G A(k) as 
above. 

Our results relating Bieri-Groves sets to amoebas and tropical varieties 
are as follows. 
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Theorem 2.2.5. If X C Gf^ is an irreducible variety of dimension r, then 
7{X) = 'B9(^). In particular, 7{X) and A{X) are T-rational polyhedral 
sets of pure dimension r. 

If X = Xi U • • • U , then clearly T(X) = T(Xi ) U • • • U ) . By Remark 
12.2.41 we obtain the following. 

Corollary 2.2.6. Let X C he an arbitrary variety. Then 7{X) and 
A{X) are T-rational polyhedral sets. 

Theorem 2.2.7. // X is irreducible, then 7{X), and hence 'BS(X) and 
A{X), are connected. 

Remark 2.2.8. Let / be the ideal in k[xf^,...,x^'^] defining X. Then 
trivially 7{X) C 7{f) for every f € I. Speyer and Sturmfels [2S1 Thm. 2.1] 
have shown that 

7{X) = n 

Furthermore, they describe in \2'A\ Cor. 2.3] that the intersection can be 
taken over just those / in a (finite) universal Grobner basis for /. Hence 
a tropical variety is always the intersection of a finite number of tropical 
hypersurfaces, each of which has an explicit description as a T-rational poly- 
hedral set from Theorem 12.1.11 Their approach can be developed into an 
alternative proof of Theorem 12.2.51 

2.3. Adelic amoebas. Let F be a field of one of the following two types: 

(a) A number field, i.e., a finite extension of Q, 

(b) A function field, i.e., F = ]K(C) is the field of rational functions on a 
smooth projective algebraic curve C of a field K (a detailed account of such 
fields is contained in [^). 

Two norms on F are said to be equivalent if they define the same topology. 
Let S = S{F) be the set of equivalence classes of norms on F (inducing the 
trivial norm on K in the case (b)). It is well known that one can choose a 
representative | ■ \p for each p G S such that: 

(2.3.1) for every a G F^ we have \a\p = 1 for almost all p (z S, 

(2.3.2) Yl l«lp = 1 foi' every a G F"" . 
pes 

We assume that such a choice has been made. 

Let X C G'^ be an algebraic variety defined over F. For every p G S we 
have the completion Fp of F with respect to | • |p. Thus we can form the 
amoeba 

(2.3.3) Ap{X) = closure[Log(X(Fp))] C R'^, 
corresponding to X regarded as a variety over Fp. 
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Definition 2.3.1. The adelic amoeba of X is the union 

(2.3.4) A^[X) = IJ Ap{X). 

pes 

Remark 2.3.2. Let I be the ideal in F[x]^\ . . ■,x^^] defining X. By the 
result of Speyer and Sturmfels 23, Cor. 2.3] described in Remark [2.2.81 there 
is a finite set 3' C I such that for every p we have that Ap{X) = Pl/gg^-^pC/)- 
Furthermore, by Theorem 12. 1.11 for each f £ 3^ the sets Ap{f) are equal for 
almost every p. Hence the sets Ap{X) agree for almost every p, and so the 
union in (|2.3.4() can therefore be expressed as a finite union. This shows 
that Aa{X) is a closed polyhedral set. 

Remark 2.3.3. Bieri and Groves explicitly introduced a "global" version 
of their sets by taking the union over all non-archimedean p (see 13 Thm. 
B]). However, for certain results (such as the following) the union over all p 
is needed. 

Theorem 2.3.4. Let X C be a hypersurface defined over ¥. Assume 
that ^ Ap{X) for at least one p. Then for any nonzero vector v € the 
open half-line (0, oo) ■ v meets Aa{X). 

A special case of the above theorem appears in 10, Prop. 5.5] motivated 
by algebraic dynamical systems (see Section [IJ, where the proof makes use 
of the notion of homoclinic points for such actions. An alternative proof for 
the case d = 2 is worked out in |22] • 

Example 2.3.5. Let F = Q. Then S consists of all prime numbers and oo, 
with \x\p = and |x|oo the usual absolute value. 

Let d = 2 and X be given by the equation f{x, y) = 3 + x + y. Theorem 
ETUimphes that A^iX) is the union of the three rays in Figure^a) meeting 
at the point (—1, —1), and for p 7^ 3 or oo the set Ap{X) is the union of 
the three rays starting at the origin shown in Figure ^b). Finally, Aoo{X) 
is shown in Figure ^c). Observe that every open half-line starting at the 
origin hits at least one of these three amoebas, and in this example exactly 
one amoeba, except in the direction of (1, 1). 

We conjecture that a version of this result holds for lower-dimensional 
varieties as well. 

Conjecture 2.3.6. Let X C be irreducible of dimension r such that 
A^{X) is not contained in any hyperplane. Then for any linear subspace 
L CW^ of co-dimension r and any relatively open half-space H in L whose 
boundary contains 0, we have that H nyiA(^) 7^ 0- 

Proof of Theorem \2.3.4\ Let /(x) = ^ a^x^ be the equation of X, so On S 
F. We write Ap{f) for Ap{Xf) and Tp(/) for 7p{Xf). 

Let Sgen C 5" be the set of all non-archimedean norms p for which |an |p = 1 
for all nonzero On- Since the number of archimedean norms is finite, by 
(|2.3.1|1 we see that S \ S^^n is finite, and so 5gen is nonempty. 
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Let V{f) denote the set of vertices of 3Nf(/). For p E Sgen the extended 
Newton polytope 3sf(/) is the product x [0,oo). For each vertex n € 

V(/) put 

= { u G M'^ : u • n > u • w for all w G J<{f) \ {n} }, 

which is the normal cone to at n. 

By Corollarv 12 ■ 1 . 2r c) . each vertex n G corresponds to an unbounded 
component C^'> of R'^ \ 7p{f). Putting L>^f^ = -C^\ using Ap{f) instead 
of 7p{f) and using Log instead of val, we see by Proposition I2.1.(il that 

the Laurent series i?if^(x) in (tTOl) for l//(x) has domain of convergence 
Log^^{Dn^). Note also that the geometric series for Rn\x) produces Lau- 
rent coefficients that are only finite sums, so that ii^f^(x) has coefficients 

in F. Hence i?^f^(x) = iin(x) is independent of p. From Corollarv I2.1.2f b) 

(p) 

we see that Dn = for all p G S'gen- In this case, all components of 
M'^ \ Ap{f) are unbounded, and Ap{f) is the complement of UneV(/) 
whenever p G 5gen- 

Fix V 7^ 0, and suppose that (0, oo) • v does not meet ^a(/)- If v ^ 
for all n G V{f), then v G Ap{f) for all p G 5gen, and we are done. Hence 
we may assume that v G for some n G V(/). 

By hypothesis, there is a po ^ 5" so that ^ Ap^{f). Since 

[(0, oo) • v] n Ap, if) c [(0, (») • v] n AaU) = 0, 

it follows that [0, oo) • v C D^^°\ Now D^f" ^ is convex and open, so there is 
an e > so that -Rn(x) = 6mx'" converges for all x G Log~^ [(~^' ' '^l • 
It follows there are 9 > 1 and c > so that 

Also, |6m|p ^ 1 for all P ^ Sgcn- Let r = jS* \ S'genI- By the product formula 
(|2.3.2|1 . there is a g' G for which 

\bm\q > 
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for infinitely many m. This implies that the series ^ 6mX™ does not con- 
verge with respect to | • |q for any point in Log""*^ [(— e/r, e/r) • v)] . Hence the 

unbounded component d\S^ does not meet (—e/r, e/r) ■ v, and so (0, oo) • v 
must meet Aq{f). □ 

Remark 2.3.7. The proof of Theorem 12.3.41 depends crucially on the ob- 
servation that the Laurent expansions for unbounded components have co- 
efficients in the ground field. This can fail for bounded components. For 
example, let F = Q and f{x,y) = 4 — x — y — x''^y^^. It is shown in |151 
Exam. 5.8] that the constant term in the Laurent expansion of 1/f for the 
bounded component containing the origin is 

1 ^ (3n)! 3„ 
4 ^ (n!)3 

n=0 

and is the value of a hypergeometric function known to be transcendental. 
3. NON-ARCHIMEDEAN ANALYSIS AND PROOFS OF MAIN RESULTS 

3.1. AfRnoid algebras and afRnoid varieties. Let 

Td = Hixi, ...,Xd)) C kfxi, ...,Xd} 

be the set of formal series /(x) = YlneZ'' '^nx" such that [a^l as 
|[n|| — > oo, where ||n|| = |ni| -|- • • • -|- This set is a k-algebra called the 
Tate algebra. Throughout this section G denotes the Galois group Gal(k/k). 

Proposition 3.1.1. (a) The ring T^ is Noetherian. 

(b ) The maximal ideals of T^ are in bijection with the points of the unit 
polydisk 

{z G k'^ : \zj\ ^ 1 /or 1 ^ j ^ d} 

modulo the action of the Galois group G. Explicitly, if z = (zi, . . . , z^) 
is such a point whose coordinates zj generate the finite extension L of k, 
then for any f & T^ the series /(z) converges in L, yielding a surjective 
homomorphism ^ L. 

Proof. For (a) see Theorem 1 of Section 5.2.6 of and for (b) see Propo- 
sition 1 of Section 7.1.1. of the same reference. □ 

For /(x) = ^ Onx" G Trf we set I/I = max{|anl}. This makes Td into 
a k-Banach algebra, i.e., a complete non-archimedean normed algebra with 
norm extending that on k. 

Definition 3.1.2. An affinoid algebra is a k-Banach algebra A admitting a 
continuous epimorphism Td ^ A for some d. 

Examples 3.1.3. (a) All ideals in Td are closed (see Corollary 2 of 
§5.2.7]). If I C Td is an ideal, then A = Td/I has the residue norm |/-|-/| = 
inf{|/-|-(7| : g G /}, which makes it into an affinoid algebra via the projection 
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Trf — > A. Up to replacing a norm with an equivalent one (giving the same 
topology) this is a general form of an affinoid algebra. 

(b) If B is an affinoid algebra, A a k-Banach algebra, and ip: B ^ A a 
continuous homomorphism such that A is finitely generated as a i?-module, 
then A is afhnoid. 

Example 3.1.4. Let A C M*^ be a bounded F-rational polyhedron. We 
define k((val~^(A))) to consist of formal Laurent series /(x) = J^n.eZ'^ Onx" 
satisfying the condition 

lim {v{an) + n • u} = oo for all u G A. 

||n||^oo 

One sees directly that k((var^(A))) is a ring and the norm corresponding 
to the valuation 

v{f) = inf{ v{an) + n- u:neZ'^,uGA} 
makes it into a k-Banach algebra. 

Note that for any z € (k^)"' such that val(z) € A the series /(z) converges 
for any / E k((var^(A))). 

Proposition 3.1.5. k((val^^(A))) is an affinoid algebra. 
We will call such algebras polyhedral affinoid algebras. 

Proof. Write the inequalities defining A in the form 

d 

'^bijUj ^ a, i=l,...,r 
i=i 

with bij G Z and Cj G F = ti(k^). Without loss of generality we can assume 
Ci € T;(k^) by taking, if necessary, integer multiples of the inequalities. Let 
bj = {bii, . . . ,bid) € Z'^, and choose Wi G k^ with Cj = v{wi). Then the 
condition val(x) € A can be rewritten as jx^'^/iiJjl ^ 1 for i = 1, . . . , r. Thus 
there is a continuous homomorphism 

Tr = k((yi, . . . , y,)) ^ k((vari(A))), ^ x^Vu;^. 

By Example 13 . 1 . 3f b) it is enough to prove that (p is finite. Let S C 'Z'^ he 
the semigroup with generated by bj, i = 1, . . . , r, and C = Conv(5') its 
convex hull. Denote by klSJ the set of all formal Laurent series X^^g^ Onx", 
and by k((var^(A)))5 the intersection k((var^(A))) n kJS"]. Our statement 
reduces to the following statements. 

Lemma 3.1.6. (a) Im((/?) = k((val"^(A)))s. 
(b) k((var^(A))) is finite over k((var^(A)))5. 

Proof, (a) Let /(x) = J2nes'^n^^ he in k((val~^(A)))s. For any n G 
S choose m(n) = (mi(n), . . . , mr(n)) G Z!j_ such that mi(n)bi + ••• + 
mr{n)hr = n. Then the series ^(y) = X^nGS '^nY™'-"^ lies in Tr and (p{g) = f. 
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(b) Let k[S] and k[C nZ"^] be the semigroup algebras of S and of C HZ . 
Then it is well known that lk[C fl Z*^] is finite over k[5]. A system of module 
generators of Ik[C fl Z*^] over lk[S'] will be a system of module generators of 
Ik((val~i(A))) over k((val-nA)))5. □ 

This completes the proof of Proposition 13.1.51 □ 

Example 3.1.7. A particular case of a polyhedral affinoid algebra is A = 
{0}. The algebra k((val^"'^(0))) consists of Laurent series XlneZ'* ^n-'^" with 
|fln| — > as ||n|| —I- oo. It is the quotient of = k{{zi, wi, . . . ,Zci, Wd)) by 
the ideal generated by the elements ZiWi — 1, i = 1, . . . , d. 

For an affinoid algebra A we denote by Max(A) the set of its maximal 
ideals. Recall that G = Gal(k/k). 

Proposition 3.1.8. (a) Max(^) ^ unless A = 0. 

(b) If A = ^{{zi, . . . , Zd))/{fi, . . . , fr), then Max(^) is identified with the 
set of G-orbits on 

{z G k"' : \zj\ ^ 1 for 1 ^ j ^ d and /j(z) = for 1 ^ -i ^ d}. 

(c) If A = k((val^"'^(A))), then Max(yl) is identified with the set of G-orbits 

on 

var^(A) = {z G (k'')'^ : val(z) G A}. 

(d) If A = k((var^(A)))/(/i, . . .Jr), then Max(^) is identified with the 
set of G-orbits on 

{z G var^(A) : fi{z) = fori ^i^d}. 

Proof, (a) is standard, (b) follows from Proposition 13.1.11 (c) follows from 
(b) and the proof of Prop osition 13 . 1 . 51 and (d) follows from (c). □ 

3.2. Proof of Theorem 12.2.51 Let X C be an irreducible variety. We 
have already observed that T(X) C HSiX). Since "B^^X) is a F-rational 
polyhedral set, we may reduce, as in the proof of Theorem 12.1.11 to the 
following case. 

Lemma 3.2.1. If e 'B3{X), then G 7{X). 

Proof Suppose that ^ 7{X). Then X{k) D var^(O) = 0. Let X be 
defined by the polynomials /i, . . . , fr- Put A = k((vaP^(0))) / {fi, . . . , fr) . 
By Proposition ETHtd), 

Max(l) = (X(k) n var^(O)) /G = 0, 

so that A = 0. Hence there are gi, . . . , gr G k((val~"'^(0))) such that 1 = 
/i5i H H frgr- 

On the other hand, suppose that G 'BS{X). Then there is a valuation 
w on A = k[xf ^, . . . , . . . , /r) = k[X] such that w{xi) = for 

1 ^ i ^ d. We can consider ii; as a ring valuation on k[x]'^^, . . . ,x^^] that 
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equals oo on (/i, . . . , /,.). Since w{xi) = 0, we can extend w by continuity 
to a valuation w on lk((val~"'^(0))) via 

nGZ<^ ne[~N,N]'' 

But since = w{fj) = oo, we obtain that 

= {v{l) = w{figi + ... frgr) ^ min{{a{fjgj)} 

= min{u;(/j) + w{gj)} = oo. 

3 

This contradiction proves the lemma, and hence the theorem. □ 

Remark 3.2.2. The non-archimedean analytic point of view allows one to 
simplify several proofs in the original Bieri-Groves treatment of their sets. 
Thus, the property of total concavity of !BS(X) (see ;2J follows at once, 
if formulated for 7{X) instead, from the maximum modulus principle for 
affinoid sets (see Proposition 4 of F; Sec. 6.2.1]). 

3.3. Reminder on rigid analytic spaces. The basic reference for this 
section is (HI, which contains a complete and accessible treatment of the 
ideas we use there. 

Let A be an affinoid algebra. The set Max(j4) has the following structures 
(see (51 Chap. 9]): 

(1) A Grothendieck topology T (the strong G-topology of [51 Sec. 9.1.4]), 
i.e., 

(la) A family of subsets U C Max(^) called admissible open, and 
(lb) For any admissible open [/, a family Cov(C/) of coverings of 
U by admissible open sets contained in [/, satisfying the axioms of 
Sec. 9.1.1]. Such coverings are called admissible. 

(2) A sheaf of local rings on the above topology such that 0(Max(A)) = 
A. 

The construction of these objects is given a detailed treatment in 0. We 
give here some instructive examples. 

Examples 3.3.1. (a) If /i, . . . , G A, then 

^7/,,...,/, = {x G Max(^) : |/,(x)K 1, i = 1, . . . , r} 

is an admissible open subset called a Weierstrass domain O Sec. 7.2.3]. 
(b) If /i, . . . , /r ^ A* then the covering of Max(A) by domains of the form 

= {x: !/,(x)r» ^l,i = l,...,r}, = ±1 

is admissible. It is called a Laurent covering Sec. 8.2.2]. 

Recah that G = Gal(k/Ik). 

Proposition 3.3.2. Let A = k((vaP"'^(A))) for a hounded T -rational poly- 
hedron A as in Example so that Max(A) = val~"^(A)/G. For any 
T -rational subpolyhedron S C A the subset vaP^(S)/G is admissible open. 
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Proof. Any additional F-rational inequalities defining S can be written in 
the form \w ■ z'y - . . . z'^''-\ ^ 1, so the subset in question is a Weierstrass 
domain. □ 

By definition a (rigid) analytic space over k is a system Z = {Z_,7,0z) 
consisting of a set Z_, a Grothendieck topology 7 on Z_, and a sheaf 0^ of 
rings on T such that locally on T it is isomorphic to Max(A) where A is an 
affinoid algebra with its Grothendieck topology and sheaf 0. 

Example 3.3.3. Every scheme X of finite type over k gives rise to an ana- 
lytic space X^'i with X^"^ = X(k)/G (see Sec. 9.3.4]). We are particularly 
interested in the case when X C is a closed subscheme. In this case for 
each bounded F-rational polyhedron A C M'^ the intersection 

(X(k) nvari(A))/G 

is an admissible subset in X'^". 

3.4. Connectedness and irreducibility for analytic spaces. Proof of 
Theorem 12.2.71 A rigid analytic space Z is called disconnected if it admits 
an admissible open covering consisting of two disjoint subspaces. Otherwise 
Z is called connected. One says that Z is irreducible if the normalization of 
Z (see jni Sec. 2.1]) is connected. In particular an irreducible analytic space 
is connected. The following result of Conrad will be crucial for us. 

Theorem 3.4.1 (Thm 2.3.1 of 9 ). Let X be an irreducible algebraic variety 
over k. Then the analytic space X^'^ is irreducible and, in particular, is 
connected. 

We now assume that X is a closed subvariety in G'^, and let T = 7{X) C 
be its tropical variety. Suppose that 7 is disconnected: T = 23 U C where 
S and e are open and closed in 7. Define subsets B,C C X."""^ = X{k)/G 
by 

B = (X(k) nval-nS))/G 

and similarly for C. Then, clearly, X^"^ = B \J C. To establish Theorem 
12.2.71 it is therefore enough to prove the following. 

Proposition 3.4.2. (a) B and C are admissible open in X^^. 
(b) The covering of X^^ by B and C is admissible. 

Proof. We recall two properties which hold for the Grothendieck topology 
of any rigid analytic space Z (.5:, p. 339]). 

(Gl) Let U be admissible open in Z and V <Z U he & subset. Assume 
there exists an admissible covering {Ui} of U such that V r\Ui is admissible 
open in Z for all i. Then V is admissible open in Z. 

(G2) Let U = {Ui}i^i be a covering of an admissible open U C Z_ such 
that Ui is admissible open in Z for each i. Assume that IX has a refinement 
which is an admissible covering of U. Then li itself is an admissible covering 
of U. 
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Let M.'^ = Uig/ be a decomposition of M'^ into parallel cubes of suffi- 
ciently small size e. Then {var^(Ai)/G : i e 1} is an admissible coverine; 
of (lk^)°'/G and therefore the sets 

Di = (X(k) nvar\Ai))/G 

form an admissible covering of X^'^. Let Jb = {i € / : Aj n S 7^ 0}, 
Jc = {i G : Aj n C 7^ 0}, and J = Jb^ Jc- Since S and C are polyhedral, 
by taking e small enough, we can assume Js fl Jc = 0. As Di = for 
i ^ J, we have Di, i G J form an admissible covering of 2L^'^- Now, applying 
(Gl) to Z = ?7 = X""'', V = B,Ui = Di,ieJwe find that y n C/i = C/i for 
i G Jb, and ^ D C/i = for i ^ J^, so ^ = B is admissible open. Similarly 
for C. This proves part (a) of the proposition. Part (b) follows at once from 
(G2), as the covering X™ = B U C has a refinement X = IJiej -^j which is 
admissible. □ 

4. AdELIC AMOEBAS IN ALGEBRA AND DYNAMICS 

In this section we briefly describe two situations in which adelic amoebas 
have already implicitly appeared. 

4.1. The Bieri-Strebel geometric invariant. Let i? be a commutative 
ring with 1, and -R[x='=] denote the ring R[xf^, . . . ,x^^] of Laurent polyno- 
mials over R. Let S^-i denote the unit sphere in W^. For each u € S^-i let 
iifu = {v G M"^ : u • V ^ 0} be the half-space with outward normal u. There 
is a continuum of subrings Ru = -R[x" : n € n H^] of ii as u varies over 
Sd-i- 

Suppose that M is a finitely generated i?[x^]-module. For which u € Sd-i 
does M remain finitely generated over i2u? This question led Bieri and 
Strebel [Sj to define their geometric invariant for ii[x^]-modules M as 

S^j = { u G Sd-i ■ M is not finitely generated over i?_u } 

(we have used a negative sign in R-u since Bieri-Strebel use inward normals). 
This invariant has proved crucial in answering a number of important al- 
gebraic questions. For example, they show that certain i?[x^]-modules M 
are finitely presented if and only if does not contain any pair of an- 
tipodal points (a condition reminiscent of the dynamical notion of totally 
non-symplectic) . 

The geometric invariant can be obtained from Bieri-Groves sets as 
follows. Let u be a (ring) valuation on R. For an ideal in -R[x^] define 
'W(i?[x^]/o) to be the set of all valuations w on i2[x^]/o extending v such 
that w^Xi) < 00 for 1 ^ i ^ d. Define the Bieri-Groves set to be 

Sg,(fl[x±]/a) = { {w{xi), . . . , wixd)) : w G W(i?[x±]/o) } . 

Let pQ-.R'^^ {0} Sd-i be radial projection, and extend po to subsets of 
by p{E) = po{E\{0}). Then Bieri and Groves 2, Thm. 8.1] showed the 
following. 
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Theorem 4.1.1. Let M be a Noetherian R['k ]-module and a be the anni- 
hilator of M . Then 

^M= [j p(Sg,(i?[x±]/a)), 

where the union is over all valuations on R which are nonnegative. 

In the special case i? = Z the geometric invariant is related to the 
part of the adelic amoeba that corresponds to the finite primes p. 

Corollary 4.1.2. Let M be a Noetherian 'L\x.^\-module and a be the an- 

nihilator of M. Suppose M (or equivalently i?[x^]/aj is torsion-free as a 
module over TL, and define X C to be the algebraic variety defined by a 
over the field Q. Then 

^M=[J p(T(X(Q,))), 

p<oo 

where the union is over all rational prime numbers, and X(Qp) is the variety 
defined by a over the algebraic closure Qp of the p-adic rationals. 

In other words the radial projections of the negatives of the p-adic amoe- 
bas of a describe completely. Since there are only finitely many distinct 
p-adic amoebas, this is actually a finite union. An explicit algorithm for 
computing this union, using universal Grobner bases and Fitting ideals, is 
described in Proposition 6.6 of |lUj . 

Proof. By Theorem 14.1.11 S^j can be calculated via the Bieri-Groves sets. 
By Theorem 12.2.51 we know that 'BS(X) = 7{X) over every fixed field k 
with some fixed valuation v. However, Theorem 14.1.11 uses ring valuations 
w, that are allowed to have w{n) = oo for nonzero n S Z. For the corollary 
we need to show that the restriction to the p-adic valuations does not change 
the statement (under the torsion- free assumption). 

So assume that w is a valuation on Z[x^]/o with p{w{xi), . . . ,w{xd)) = 

V 7^ 0, and w{p) = oo for some prime number p. We claim that the direction 

V is also captured by the p-adic valuation. 

Suppose pi,...,p/j are the associated prime ideals to Z[x^]/o. Then 
'"'(pj) = {°°} some i. Let p = pi, and let F be the field of fractions 
of Z[x^]/p. Note that F has characteristic zero by assumption. Then [21 
Thm. C2] describes S9p(Z[x^]/p) (using the p-adic valuation) near the ori- 
gin, and implies that {rv : r G [0, e]} C 'BSp(Z[x^]/p) for some e > 0. Since 
Bgp(Z[x±]/p) C T(X(Qp)), the claim follows. □ 

4.2. Expansive subdynamics of algebraic actions. We now turn to 
dynamics. Again let M be a module over Z[x^]. There is a corresponding 
algebraic WJ^-action um on a compact group Xm defined as follows. Con- 
sider M as a discrete abelian group, and let Xm be its compact Pontryagin 
dual group. For n G Z'^ let be the automorphism of Xm dual to the 
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automorphism of M given by multiplication by x". This process can be re- 
versed, so that given an algebraic Z^'-action by automorphisms of a compact 
abelian group, there is a corresponding Z[x^]-module via duality. The book 
|21j contains all necessary background and a wealth of examples. 

A framework for studying general topological Z'^-actions was developed 
in focusing on the key idea of expansiveness along half-spaces. Fix a 
metric 5 on Xm compatible with its topology. Then aM is called expansive 
along -ffu if there is an e > so that if ^ and r] are two points in Xm with 
5{(y^{i), < e for all n € i/u H U^, then £, = r]. The nonexpansive set 

of au is 

N(aA//) = {u G Sd-i : om is not expansive along Hu }■ 

This set turns out to be closed in S^-i- The expansive subdynamics 
philosophy advocated in T says that dynamical properties of oa/ restricted 
to subspaces are either constant or vary nicely within a connected component 
of the complement of N{aM), but typically change abruptly when passing 
from one connected component to another, analogous to a phase transition. 
The description of lower dimensional entropy in ^ Sec. 6] is an example of 
this philosophy in action. 

It is therefore natural to ask for an explicit calculation for the nonexpan- 
sive set for an algebraic Z'^-action. This was done in [10', Prop. 4.9] using 
the complex amoeba and S^j . Combining this with Corollary 14.1.21 shows 
that the nonexpansive set is the radial projection of an adelic amoeba. 

Theorem 4.2.1. Let M be a Noetherian 'L\x.^]-module and a be its an- 
nihilator. Suppose that Xm is connected (or, equivalently, that Z[x^]/o is 
torsion- free over Ij). Then 

N(aM) = U p{A^^{a))=p[A^{a)). 




Figure 2. The nonexpansive set of (1 + x + y, z — 2) 

Example 4.2.2. Let d = 3, a = {I + x + y,z - 2), and M = Z[x±]/a. 
Then N(aA/) is depicted in Figure l2j The portion above the equator is the 
radial projection of the complex amoeba of a, the part below the equator 
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is the radial projection of the 2-adic amoeba, and the three points on the 
equator come from the p-adic amoeba for p ^ 2 (which also form Bergman's 
logarithmic limit set ^ of V(o)). Here the expansive components are the 
three lobes of S2 in the complement of N(ajv/)- It is perhaps interesting to 
note that entropy considerations show that none of these components can 
contain a pair of antipodal points. 
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